A gauge PDE is a natural notion which arises by abstracting what physicists call a local gauge field theory defined in terms of BV-BRST differential (not necessarily Lagrangian). We study supergeometry of gauge PDEs paying particular attention to globally well-defined definitions and equivalences of such objects. We demonstrate that a natural geometrical language to work with gauge PDEs is that of Q-bundles. In particular, we demonstrate that any gauge PDE can be embedded into a super-jet bundle of the Q-bundle. This gives a globally well-defined version of the so-called parent formulation. In the case of reparameterization-invariant systems, the parent formulation takes the form of an AKSZ-type sigma model with an infinite-dimensional target space.
Introduction
Ideas and methods originating from gauge theories play a prominent role in both modern theoretical physics and mathematics. By all means this applies to BatalinVilkovisky (BV) quantization [1, 2] , which allows to reformulate physical questions as cohomological problems, giving them an invariant meaning. Moreover, the structures originating in BV approach are now actively studied from a pure mathematical perspective [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] .
In the original context of local gauge field theories, besides the quantization itself, BV approach offers a rigorous framework [14] [15] [16] [17] [18] to address questions such as deformations, anomalies, global symmetries, conserved charges etc. This is achieved by defining the BV formalism 1 in terms of suitable jet-bundles (see e.g. [25] [26] [27] [28] [29] ), which approximate the infinite-dimensional geometry of 1 Here and below we use use the term BV formulation to refer to its natural generalization to theories defined at the level of equations of motion. In the BV approach this corresponds to forgetting the odd-symplectic structure and working in terms the space of field histories. In this framework it becomes clear that a local gauge field theory can be considered as a geometrical object generalizing partial differential equations (PDE). More specifically, as seen from BV perspective, a local gauge field theory can be considered as a PDE equipped with extra structures. What is more important, the natural equivalence 2 of gauge PDEs differs from that of usual PDEs, making them an interesting objects to study even on their own.
Although in the conventional approach the BV formulation of a given system is constructed in term of its equations of motion, gauge symmetries, and (higher order) reducibility relations, it even turns out that it is useful to define gauge theory in the BV language. This point of view was explicitly put forward in [19] (see also [31, 34] ) and is supported by a number of examples including models of string field theory [35] [36] [37] , higher spin gauge theories [38] [39] [40] , and topological systems [41] (see also [42] [43] [44] [45] [46] 22] ), where the theory is build from the very start in the form of its BV formulation. Further examples are gauge theories of boundary values in the conof the BV-BRST differential in place of the master action. The generalization is rather natural and was put forward in [19] (earlier somewhat implicit discussions can be found in [20] ). Interesting generalizations to the case of non-Lagrangian systems with Lagrange anchor was put forward in [21, 22] . Alternative partially Lagrangian systems were discussed in [23, 24] . * Corresponding author e-mail: grig@lpi.ru a Tamm Department of Theoretical Physics, Lebedev Physics text of the AdS/CFT correspondence, which immediately arise in BV form if one starts from the BV formulation in the bulk [47] [48] [49] [50] .
Defining a theory in BV terms from the outset naturally leads to a more general class of systems than one would arrive by applying BV procedure to a given theory defined in terms of a Lagrangian or equations of motion. This motivates introducing a notion of gauge PDE as a system defined from the very beginning in terms of BV-BRST differential. One of the goals of the present work is to give a general and geometrical version of the definition of gauge PDE.
Just like usual PDEs gauge PDEs can also be defined intrinsically irrespective to the embedding into a jetbundle. Although such an approach is known in the literature and has proved useful in applications a globally well-defined geometrical definition was missing. Filling this gap is another goal of the present work.
It was observed [51, 31] that the appropriate geometrical setup for gauge PDEs is provided by so called AKSZ sigma models or more specifically their generalizations to not necessarily Lagrangian systems. AKSZ sigma models were originally proposed [41] as nice BV formulations for some topological theories. A somewhat similar unfolded approach [52, 53] has been also independently developed in the context of higher spin gauge theories. It turns out that at least locally any reparameterization invariant gauge PDE can be brought to AKSZ form at the price of allowing infinite-dimensional target space. This is a achieved by employing a so-called parent construction, proposed in [31] (see also [19] for the linear case and [54, 32] for Lagrangian systems) in local setting. In this work we propose a globally defined version of this construction and elaborate on its properties. In so doing we actively employ so-called Q-bundles [55] , which provide a proper geometrical setup for AKSZ models and their generalizations.
The paper is organized as follows. In Section 2 we introduce basic notions such as Q-manifolds and their equivalence, define gauge PDEs through a usual jetbundle BV formulation. In the main section, Section 3, we give a new more flexible and invariant definition of gauge PDEs and their equivalence in terms of Q-bundles, define a generalized parent construction is these terms and prove that for a good gauge PDE its parent formulation is an equivalence. Finally we discuss possible applications and further perspectives. 
Preliminaries

Q-manifolds and their equivalences
i) Given a vector space g, a Q-structure on the corresponding graded supermanifold g [1] , the algebra of
, is in one-toone correspondence with a Lie algebra structure on g, such that the Chevalley-Eilenberg cochain differential d CE is the Q-field. ii) In general, a Q-field on A [1] , the shifted vector bundle on X , is in one-to-one correspondence with a Lie algebroid structure on A [57] . This example extends the notion of a Lie algebra and the shifted tangent bundle, simultaneously. iii) Another generalization of a Lie algebra is an L ∞ -algebra [58] . Let L be a -graded vector space, L [1] be a graded manifold, whose algebra of functions is
, where S(V * ), the formal completion of the algebra of graded symmetric polynomials on a graded vector space V , is defined as
An L ∞ -structure on L is in one-to-one correspondence with a pointed Q-structure on L [1] , that is, a Q-field vanishing at the origin (cf. [59] ). The Taylor power expansion of Q at 0 gives us a series of k- [2] or, equivalently, using a natural isomorphism of graded vector spaces
k], which satisfy the compatibility conditions determined by the corresponding Q-field. In particular, the nilpotency condition [Q,Q] = 0 implies that l 1 is a degree one differential, while l 2 is a degree zero skew-symmetric bilinear L-valued form (a pre-Lie structure on L), the Jacobi identity of which is satisfied up to the homotopy term
There is a category QMan, whose objects are Q-manifolds and morphisms are degree preserving maps φ : (M 1 ,Q 1 ) → (M 2 ,Q 2 ), which are compatible with the Q-structures; the latter means that the pull-back map on functions φ
is a chain map:
The category of Q-manifolds is supplied with the unit object (p t , 0) and the direct product of Q-manifolds (M 1 ,Q 1 ) and (M 2 ,Q 2 ), such that the underlying -graded Q-manifold is the direct product M 1 × M 2 and the Qstructure Q 12 is uniquely determined by the property
and h ∈ F (M 2 ). The latter makes QMan into a symmetric monoidal category (cf. [60] ). In addition to the homset Hom(M 1 , M 2 ), consisting of homomorphisms of Qmanifolds, later on being referred to as Q-maps, there exists the internal hom Hom(M 1 , M 2 ), an object in a (normally) larger category of super Q-spaces, which is characterized by the property
for any M ∈ QMan. In particular, when M 1 has a compact base (i.e. a compact zero-degree part), the internal hom is a well-defined (generally) infinite-dimensional Qmanifold [61] . 
as follows: 
V for all i . We use the Q-bundle structure in Definition 2.10 for some technical convenience.
The language of trivial and equivalent Q-manifolds turns out to be a useful tool in various cases. For instance, let us illustrate how equivalent reductions often arise in applications. Given a Q-manifold (M ,Q) suppose that locally we succeeded to identify independent functions {w a } such that {w a ,Qw a } are also independent functions. It then turns out that the surface defined by {w a = 0,Qw a = 0} is a Q-submanifold. Moreover, for M finite-dimensional M is locally a trivial Q-bundle over the surface. In general one is to check whether the bundle is locally trivial.
A typical example where in this way one indeed produces an equivalent reduction is a linear Q-manifold (M ,Q), associated to a complex (M , δ), i.e. M is a graded vector space and δ is a nilpotent linear operator of degree 1. Let on M there is an additional degree such that it is bounded from below and δ decomposes into a sum of homogeneous components δ = δ −1 + δ 0 + . . .. It follows δ −1 is again a differential and letM be its cohomology and {w a , v a , u i } a basis in M such that δ −1 v a = w a and δ −1 u i = 0. submanifold which corresponds to an equivalent complex (M, δ), where δ is a differential induced by δ in the cohomology of δ −1 . The above considerations are known [19] in the context of gauge theories and can be seen as a super-geometrical interpretation of the spectral sequence technique applied to the filtered complex. More general example of equivalent Q-reduction arise in L ∞ algebras. Consider an L-infinity algebra L together with the corresponding Q-structure on L [1] , denoted as Q L . LetL be the cohomology of the complex (L, l 1 ). Assume that ı :L → L is a 'harmonic-type' embedding of the cohomology into the whole complex as a graded vector subspace and choose an adapted basis {u i , w a , v a } such that l 1 v a = w a and u i form a basis in ıL ⊂ L. It follows, ıL is determined by linearly independent linear homogeneous equations {w 
Such a procedure is known in mathematical literature as the homotopy transfer. 
If we impose that sections of
that the whole space of sections 
. Here γ 0 is the Chevalley-Eilenberg differential, corresponding to the g-action on Σ.
Definition 2.15. Let (M ,Q) be a Q-manifold, ξ be a degree −1 vector field on M . An infinitesimal gauge symmetry generated by ξ is the degree zero vector field δ ξ = [ξ,Q] = ξQ + Qξ (cf. [62] and also [63] in the Lagrangian case.).
where the first function is of pure degree. Given a vector field η on M , its restriction onto N is a section of T N , corresponding to the ι-derivation ι
Definition 2.16. Let ǫ be a degree −1 section of T N . An infinitesimal gauge symmetry at N generated by ǫ is the
The nilpotency condition for Q asserts that any infinitesimal gauge symmetry commutes with Q, therefore the corresponding infinitesimal flow preserves the subspace of Q-submanifolds. The proof of the next statement is straightforward.
Proposition 2.17. Given a Q-submanifold N of M , the restriction of any gauge symmetry δ ξ onto N is an infinitesimal gauge symmetry at N , generated by
ǫ = δ ξ | N .
PDEs
By definition PDE is a pair (E X , C ), where E X is a manifold and C (E X ) (denoted by just C in what follows if it doesn't lead to confusions) is an involutive distribution C (E X ) ⊂ T E X called Cartan distribution. It is typically assumed (as it's done later) that i) E X is a locally trivial bundle π X : E X → X over the manifold X of independent variables. ii) Canonical projection π X induces an isomorphism
In particular C is of constant rank, which is equal to dim(X ). iii) (E X , C ) can be embedded into some jet bundle as an infinitely prolonged equation, at least locally.
For an infinitely prolonged PDE realized as a submanifold of the respective jet-bundle (in particular, the jetbundle itself) the Cartan distribution is canonical. For a modern review see e.g. [29] . It is useful to consider the algebra Ω h (E X ) of horizontal differential forms on E X , i.e. forms on E X that vanish on vertical vectors. This can be seen as generated by functions on E X and differential forms on X pulled back by the canonical projection. It is also convenient to think of 
where φ is the fiber coordinate and φ a··· are its 'derivatives'. In terms of local coordinates the horizontal differential reads as
and can be considered as a Q-structure on E . Homological vector field d h encodes the Cartan distribution so that in the language of supermanifolds PDE can be defined as (E , d h ). Moreover, E can be thought of as a super-bundle over T [1] X in which case the canonical projection is a morphism of Q-manifolds:
. This condition precisely implies that the projection induces the isomorphism
Vector fields on E X belonging to the Cartan distribution can be represented as restrictions to E X of vector fields on E of the form: 
Intrinsic representation of PDE
Given PDE (E X , C ) defined in terms of intrinsic geometry of E X (i.e. without referring to one or another embedding of E X into a jet-bundle) one can construct a jetbundle in terms of E X and embed (E X , C ) as an infinitelyprolonged equation therein. More precisely, consider J 1 (E X ) (recall that E X is a bundle over X ). The Cartan distribution on E X can be represented as a 1-form on E X with values in vertical tangent vectors such that it is zero on C p (E X ) and acts identically on vertical vectors. This form can be regarded as a connection 1-form Γ of the Cartan distribution seen as an Ehresmann connection. The involutivity of the Cartan distribution is equivalent to the flatness of the connection. At the same time Γ can be viewed as a section of
The image of this section is a submanifold E ⊂ J 1 (E 0 ) which is by construction diffeomorphic to E X . Being a submanifold of the jet-bundle, E defines a new equation. It is easy to check that this equation is just a new form of (E X , C ), i.e. is equivalent to (E X , C ). Let us write down explicitly the new form of the equation. If ψ A are coordinates on the fibers of E X , vector fields D a can be locally written as
for some functions Γ 
Switching to the standard language of dependent and independent variables this PDE has x a as independent variables, ψ A as dependent and the equations read explicitly:
It is easy to check that equation is equivalent to the starting point (E X , C ). This form of the equation can be regarded as the covariant constancy form. Let us give a supergeometrical interpretation of the intrinsic representation. To this end let us consider
Let σ be a section of this bundle which preserves the degree, i.e. σ * preserves the degree. The condition that σ is a solution has a simple geometrical meaning:
where d X is the canonical Q-structure on T [1]X (de Rham differential on X ). In other words σ is a Q-map. If ψ A are local coordinates on the fibres then applying the above equality to ψ A one again gets:
where
. This is precisely the covariant constancy equation (11).
Standard gauge PDEs
To motivate the introduction of gauge PDE as a geometrical object let us recall what is typically called classical local gauge field theory in physics literature. Instead of starting with equations of motion, gauge symmetries, and gauge for gauge symmetries and then constructing BV formulation we immediately start with BV. More precisely, consider the space of fields, ghosts, antifields, etc., which in geometrical terms is a graded locally trivial bundle F X → X over space-time manifold X . In addition F X is assumed to be finite-dimensional though some reasonable generalization such as locally finite-dimensional bundles can be also allowed. This data gives rise to the jet-bundle E X = J ∞ (F X ) over X which is also a graded and locally trivial bundle over X , the grading is called ghost degree. All the information about the theory is contained in the BV-BRST differential s which is assumed nilpotent, vertical, evolutionary and of ghost degree 1. In what follows we refer to this geometrical data as to standard gauge pre-PDE. If the theory is Lagrangian, in addition one requires E X to be equipped with an odd Poisson bracket of ghost degree 1 and s to be Hamiltonian, giving the usual Batalin-Vilkovisky formulation of the system. It is instructive to see how equations of motion and gauge symmetries are encoded in the homological vector field s. To this end let us introduce local coordinates x a , φ i , c α , P µ , . . . on the underlying bundle F X (seen as 0-th jets) such that x a are coordinates on the base, φ i coordinates of degree zero (fields), c α of degree 1 (ghosts), P µ of degree −1 (antifields). Note that in general there can be coordinates of higher and lower ghost degrees, which are responsible for relations between the equations, gauge transformations and their higher analogs. Then the equations of motion and gauge symmetries can be explicitly written as [19] :
where Ψ k denote all the coordinates of ghost degree k and in the second formula ghost fields c α and their derivatives are to be replaced by gauge parameters ǫ α (x) and their derivatives. In a similar way one defines higher order (gauge for gauge) gauge transformations. In more geometrical terms solutions are parallel (with respect to Cartan distribution) degree zero sections of E X → X such that s vanishes on them. It is also useful to define the stationary surface, which is the body (i.e. degree zero submanifold) of the zero locus of s. In these terms solutions are precisely those sections whose prolongations belong to the stationary surface.
To get a more geometrical understanding of the gauge transformations let ξ be a vertical evolutionary vector field of ghost degree −1. Such field is always a prolongation of a vertical field ξ 0 on F X which serves as a gauge parameter in this setting. Just like in the case of Qmanifolds the infinitesimal gauge transformation associated to ξ is an evolutionary vector field [s, ξ] . This vector field clearly restricts to the body of E X . Indeed, the body of E X is locally determined by equations 
Just like in the case of usual PDEs it is useful to switch to the language of Q-bundles. To this end let us extend J ∞ (F X ) to the bundle E T [1]X over T [1] X . Now the total space is equipped with a bidegree (p, k), where p is the form degree (i.e. homogeneity in θ a ≡ dx a ) and k is the original ghost grading. The condition that section σ :
h +s) of bidegree (0, 0). Indeed, vanishing bidegree implies that σ is a Q map for d h and s separately. An important observation is that in this setting it is sufficient to take care of the total degree only. More precisely, let us consider a Q-section σ of total degree 0 and show that it is gauge equivalent (with the parameter of total degree −1) to a bidegree (0, 0) section. The natural gauge equivalence of such sections is defined as follows: let χ * be a degree −1 map
It plays a role of gauge parameter.
The infinitesimal gauge transformation then reads as
It is easy to see that this preserves Q-map condition.
To analyze explicitly the equations and gauge equivalence it is convenient to extend F X to a bundle F T 
Let us introduce coordinates
It is convenient to pack ψ-coordinates into the following generating functions:
. (17) In the above local coordinates a section of E T [1]X is locally a collection of functions ψ
(x) and it is convenient to parameterize it in terms of Ψ A (x, y, ξ).
In these terms it is useful to introduce the following locally defined (differential) operators on sections:
For instance:
If we denote by ψ
of total degree k, the condition that ψ α 0 0 (x) determine a Q-section takes the form:
wheres denote a natural prolongation of s from
. At the same time infinitesimal gauge transformation reads as
All the coordinates ψ (20):
This determines v q 0 0 in terms of other variables. Furthermore, analyzing gauge transformations one finds that
which upon using suitable degree implies that w q 0 0 can be set to zero. Again using a suitable degree one can analyze the remaining equations order by order and show that after setting w = k. This shows that any Q-section preserving the total degree is equivalent to a section preserving bidegree using the equivalence relation. What we just demonstrated is that the gauge theory defined in terms of (E X , s) is equivalent to the one whose fields are sections preserving the total degree and equations of motion are conditions that the section is a Q-morphism. A remarkable fact is that this equivalent theory also admits a concise BV formulation. Indeed, one simply takes
as a jet-bundle. This is again a standard gauge PDE, known as the parent formulation [31] , which is equivalent to the original gauge theory. This equivalence as well as the above considerations explicitly made use of coordinates and hence work only locally. One of the goals of the present work is to propose a globally well-defined notion of a gauge PDE and parent formulation. To summarize, given a standard gauge PDE one can either use the standard interpretation where solutions are Q-sections preserving bidegree or define solutions to be Q-sections preserving only the total degree. In so doing one should also adjust accordingly (higher) gauge transformations. The two interpretations are equivalent. The second of them has an advantage because it does not require extra degree and hence is more flexible. In the next section we develop an approach to gauge PDEs using this more flexible interpretation.
Example 2.18 (Standard form of Maxwell gauge PDE).
To illustrate the notion of gauge PDE consider a simple example of Maxwell equations seen as a gauge theory. The geometrical data determining the system is a pseudoRiemannian manifold X which we take to be Minkowski space for simplicity. The fiber bundle F X is a direct sum of T X ⊕ U , where U is a trivial vector bundle with 1-dim
fiber of degree 1, and its dual vector bundle with the degree shifted by −1. As local coordinates on the fibers we take A b ,C , P , A b * of the following ghost degree:
The BV-BRST differential is an evolutionary vertical vector field on J
where D a denotes the total derivative. Let σ be a section
vanishing degree. The condition that σ is a solution says that σ is parallel and s vanish at its image.
The first condition implies that σ is a prolongation of a section σ 0 : X → F X : (14) one arrives at the standard gauge transformation law:
Asking that s vanishes on the image of σ amounts to
∂ a (∂ b A c (x) − ∂ c A b (x)) = 0, i.
e. Maxwell equation. Replacing (total derivatives of ) C in s A a with (derivatives of ) gauge parameter ǫ(x) according to
δ ǫ A a (x) = ∂ ∂x a ǫ(x).
Gauge PDE as a Q-bundle
Now we are ready to introduce the notion of a gauge PDE, which is more flexible than standard gauge PDEs discussed in the previous Section. We first introduce more general objects, gauge pre-PDEs, and then define their equivalences. Then we define gauge PDEs as those gauge pre-PDEs which satisfy some extra conditions formulated using the equivalence. For simplicity in what follows we restrict to the case where (E T [1]X ,Q) is a locally trivial -graded bundle over T [1] X (but we do not require it to be locally trivial as a Q-bundle).
To this end we need the following: Definition 3.2. Gauge pre-PDE (E T [1]X ,Q) is called contractible if as a bundle over T [1] X it is locally trivial, admits a global Q-section, and its fiber is a contractible Qmanifold.
Let us explicitly write down the local structure of a contractible PDE in terms of local coordinates. By definition one can find local coordinates (local trivialization)
Now the equivalence is defined as
X ,Q) (in the category of Qbundles over T [1]X ) whose fiber is contractible and which admits a global Q-section i :
The equivalence relation generated by the equivalence reduction is called the equivalence of gauge pre-PDEs.
Proposition 3.4. Two gauge pre-PDEs are equivalent if and only if there exists a third one such that the two are its equivalent reductions.
Proof. It is sufficient to check the transitivity property, i.e. to show that, if (E 1 ,Q 1 ) and (E 2 ,Q 2 ) are equivalent reductions of (E ′ ,Q ′ ), (E 2 ,Q 2 ) and (E 3 ,Q 3 ) are equivalent reductions of (E ′′ ,Q ′′ ) 3 , then there exists a gauge pre-PDE (E ,Q) such that (E 1 ,Q 1 ) and (E 3 ,Q 3 ) are equivalent reductions of (E ,Q). First, let us notice that the composition of two subsequent equivalent reductions is an equivalent reduction. On the other hand, the fibered product of two Q-bundles over an arbitrary Q-manifold is again a Q-bundle over the same base. By use of the latter, we take (E ,Q) :
Indeed, it is easy to verify that the canonical projec- 
Similarly, (E ,Q) → (E 1 ,Q 1 ) admits the canonical Q-section which is defined in like manner. Thus (E 1 ,Q 1 ) and (E 3 ,Q 3 ) are equivalent reductions of (E ,Q). This finally proves the proposition.
In particular, a contractible gauge pre-PDE is always equivalent to empty pre-PDE T [1]X . In agreement with Section 2.3 we call a pre-PDE (
with F X (locally) finite-dimensional, and Q = d h +s where d h is a canonical horizontal differential on the jet-bundle and s is vertical. One can consider a restricted class of gauge (pre)-PDE where E T [1] X is equipped with bidegree, i.e. the total degree canonically splits into the sum of horizontal degree which projects to form degree on T [1]X and the vertical degree. In this case the decomposition of Q into homogeneous pieces is canonical so that requiring Q i , j = 0 for i > 1 one arrives at a particular class which can be called bigraded gauge (pre)-PDE. If in addition E T [1] X is a jet-bundle we are back to standard gauge (pre)PDEs.
As we are going to see any gauge PDE can be equivalently represented as a standard gauge (pre)PDE. However, the formalism where the bidegree is not preserved is very convenient. 
The terms θV and q have a clear interpretation of the 'evolution' vector field and the BRST differential q respectively. In one or another version this form showed up in the literature [31, 64] . In particular, its counterpart in the case of Hamiltonian/Lagrangian case was already in [43] . 
Example 3.7 (Minimal form of Maxwell gauge PDE
The condition that σ :
where A(x, θ) and F ab,··· (x) are introduced as σ [65, 66] while the first relation in (29) is the version of so-called 'Russian formula' [67] . This formulation is also closely related to the unfolded formulation [52, 53] . Note that (29) is a minimal BRST complex in the sense that one cannot reduce it further (at least in the space of local functions).
··· ). Taking the trace of the second equation and using the first one, one immediately arrives at the Maxwell equation on A a (x). The Q-manifold (BRST complex) determined by Q on E X and its generalization to YM theory and Einstein gravity has been actively discussed in
AKSZ-type sigma models
An interesting class of gauge PDEs is provided by socalled AKSZ-type sigma models. Originally the term AKSZ sigma model refers to Lagrangian topological gauge theories of certain structure and finite number of fields [41] . Now, following [51, 31] , we use it to refer to gauge (pre)PDEs of special form. More specifically, the data of AKSZtype sigma model is given by a trivial Q-bundle, i.e. 
where σ * is a pullback associated to σ. If σ is a fixed map, a gauge parameter determining a gauge transformation of σ is a degree −1 map ξ * :
∀ f , g ∈ F (M ). The infinitesimal gauge equivalence transformation of σ can be written as:
In a similar way one can define gauge equivalence of gauge parameters and its higher analogs. A natural generalization [68] of AKSZ sigma models is achieved by replacing the space of maps from T [1]X to (M ,Q 0 ) by the space of sections of a locally trivial Q-bundle over T [1] X . An original observation made in [41] in the case of Lagrangian topological theories is that the superspace of maps from T [1]X to (M ,Q 0 ) is equipped with a natural Q-structure which turns out to be the BV-BRST differential encoding the equations of motion (31), gauge symmetries (33) and (higher) gauge for gauge symmetries. In other words the BV formulation of the underlying gauge theory is immediately arrived at by considering the space of super maps from the source to the target supermanifolds.
More precisely, working in terms of jet-bundles the space of super maps is replaced by super jet-bundle
. In this terms the BV-BRST differential is precisely the vertical part of the prolongation Q P of the total 
and using (33) one arrives at δA
Now switch to AKSZ and consider J ∞ (E T [1]X ) as a bundle over X . In other words, represent a super map as
A useful coordinate system on the fibers of J 
Reparametrization invariant gauge PDEs
Among gauge PDEs there is a special class for which (E T [1]X ,Q) is a locally-trivial Q-bundle. For instance, any PDE of a finite type satisfying certain regularity conditions corresponds to a locally-trivial Q-bundle. Let us consider ODE of finite type as an example . The general expression for the Q structure in the local coordinates reads as (cf. example 3.6) (37) so that the Q-bundle is locally trivial. In these coordinates equations of motion say that all v a (x) = const a .
This has a clear physical meaning of time-dependent change of variables which makes the evolution trivial. If the bundle is trivial globally one concludes that the respective mechanical system is integrable. An interesting feature which does not have a direct counterpart in the case of usual PDEs is that among gauge transformations there can be reparametrizations of the base manifold X . In this case under a rather general assumptions one can show that for a standard gauge PDE such that space-time reparametrizations are among its gauge symmetries one can find a local change of coordinates on the jet-bundle such that d h + s takes the form d X + s 0 , with s 0 originating from the fiber. This was observed in [70] [71] [72] (see also [31] for the discussion in a directly related context). Translating this to the present language: reparameterization-invariant gauge PDE corresponds to locally-trivial Q-bundles.
Let us give an explicit example of a simple reparameterization-invariant gauge PDE and demonstrate that it is indeed a locally trivial Q-bundle. To this end consider a trivial (i.e. jet-space) ODE: independent variable is x and dependent u i and there are no constraints on u, x.
On top of this there is a ghost variable ξ and s is defined by 
and indeed coincides with the transformation of u i under infinitesimal reparametrization of x. Here ǫ(x) denotes gauge parameter associated to ghost variable ξ. The horizontal differential reads:
Let us decompose s as the sum of 
Because s 0 (ξ ′ ) + s ′ doesn't depend on x, θ this is precisely the product Q-structure.
Parent formulation
Gauge PDE as we defined it should be always equivalent to a standard one, i.e. to the one realized in terms of a jet-bundle. There is a systematic way to embed a given gauge (pre)-PDE into a natural jet-bundle associated to the PDE itself. Let us consider super jet-bundle
X (note that this is something like super jet-bundle of a jet-bundle). It is again a Qbundle with a total Q-structure being
The term 'parent' is only appropriate if E T [1]X is itself a jet bundle because in this case among fields of the parent formulation one can find all derivatives of the original fields and hence a wide class of equivalent formulations can be obtained by equivalent reductions of the parent one. The parent formulation was introduced in [31] (and earlier in [19] for linear system) in slightly different terms. If the starting point equation is such that E T [1]X does not contain negative degree variables, i.e. it is an infinitely-prolonged equation extended by ghosts, it is more appropriate to call this formulation 'intrinsic' because it is built in terms of intrinsic geometry of the equation manifold and hence doesn't depend on which jet-bundle was used to realize the equation explicitly.
We have the following:
is a gauge pre-PDE such that it is equivalent to a standard one then its parent for-
In particular, parent form of a gauge PDE is equivalent to the gauge PDE itself. The local version of the statement was formulated and proved in [31] . Proof of the global version will be given elsewhere.
Let us spell out a few corollaries:
Q) is locally trivial its parent formulation is of AKSZ type (i.e. is an AKSZ sigma model locally).
In particular, for a reparameterization-invariant gauge PDE its parent formulation is of AKSZ type [31] .
Corollary 3.11. If (E T [1]X ,Q) is a trivial Q-bundle defining an AKSZ model then seen as a gauge PDE (E T [1]X ,Q) is equivalent to the AKSZ model it defines.
Let us make contact with the definition of the parent formulation as defined in [31] . Using the present language, suppose we are given with the standard gauge PDE (E T In the next step one restricts the constructed AKSZ sigma models to super maps that preserve the base space. To see that such a restriction is consistent let us restrict ourselves to local analysis and use local coordinates = 0 , k > 1 and hence the reduced system is precisely the parent formulation defined above. The BRST differential of the parent formulation can be written explicitly using the coordinates ψ α a 1 
wheres is the prolongation of the original BRST differential s. Let us check that the parent equations of motion are precisely the Q-map conditions. Take a simple example where E T [1] X is coordinatized by x, θ, w, v with gh(w ) = 0, gh(v) = 1 and where Q is given by
A Super jet-bundle
If σ is a Q-section it follows
where w (x) = σ * w, v a (x)θ a = σ * (v). Q P is given explicitly by Q P x a = θ a , Q P w = v, Q P w |a = w a| − v |a , Q P v |ab = 2v [a|b] , . . .
The body of the zero locus of Q P is the stationary surface 
